Optimal orientation of striped states in the quantum Hall system against external 

modulations 
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We study striped states in the quantum Hall system around half-filled high Landau levels and 
obtain the optimal orientation of the striped state in the presence of an external unidirectional 
periodic potential. It is shown that the optimal orientation is orthogonal to the external modulation 
in the Coulomb dominant regime (the orthogonal phase) and is parallel in the external modulation 
dominant regime (the parallel phase). The phase boundary of these two phases is determined 
numerically in the parameter space of the strength and wave number of the external modulation at 
the half-filled third Landau level. 

PACS numbers: 73.40.Hm, 73.20.Dx 
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The modern semiconductor technology yields ex- 
tremely pure two-dimensional (2D) electron systems in 
heterostructures. In the presence of a strong perpendic- 
ular magnetic field, various kinds of new phenomena in 
addition to the ordinary quantum Hall effect are found 
in the systems. The effect of a crystal structure has been 
believed to be ignored, because the magnetic length is 
much larger than the lattice constant of the host crystal. 
Hence, the system is supposed to have an orientational 
symmetry, that is, physics in the x direction and y direc- 
tion is equivalent. In the end of the last century, how- 
ever, highly anisotropic states, which have an enormous 
anisotropy in magnetoresistances, were observed around 
the half-filled high Landau level (LL) |]-f§. This obser- 
vation agrees with the striped state which was predicted 
in a mean field theory |||| . The charge density of the 
striped state is uniform in the one direction and peri- 
odic in the orthogonal direction. The Hartree-Fock (HF) 
theory and numerical calculations in a small system for 
striped states were studied recently at the filling factor 
where the anisotropy is observed and the results seem to 
support the striped state f?]-[l(|. The experiments show 
that the stripe direction is parallel to the specific crystal- 
lographic direction. The origin of the orientation of the 
striped state is still puzzling |Ii"|]l| . 



It is naturally considered that the origin of the orien- 
tation is related to yet unknown and very weak periodic 
structure in the sample. Therefore, we suppose that the 
origin to determine the orientation can be modeled by 
an external modulation in the 2D electron system [fl3|| . 
We compute the energy of striped states in the quan- 
tum Hall system with an external modulation and find 
the optimal orientation. It is naively expected that the 
external modulation breaks the orientational symmetry 
and makes the orientation of the striped state parallel 
to the modulation. Unexpectedly, we find the counter- 
intuitive phase in which the optimal orientation of the 
striped state becomes orthogonal to the external modu- 
lation, and the other phase in which the optimal orienta- 



tion is parallel to the external modulation depending on 
the strength and wave number of the modulation. Our 
results are consistent with the recent experiments |pr|p^ . 

Let us consider a 2D electron system in a perpendic- 
ular uniform magnetic field B and a unidirectional peri- 
odic potential. The total Hamiltonian H of the system 
is written as H = Ho + Hi + Hi , 

Ho= /^(r) ( P+^ A) % (r)d 2 r, 

Hi = \ J P (v)V{v - v')p(v')d 2 rd 2 r' , (1) 



H 2 = g 



J p(r) cos(K • r)d 2 r, 



where p a = —ihd a , d x A y 
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B, V = q 2 /r, 



q 2 = e 2 /4ire (e is a dielectric constant). ip(r) is the elec- 
tron field, and p(r) = ip'(r)ip(r). Ho is the free Hamil- 
tonian, which is quenched in the LL. Hi is the Coulomb 
interaction term and Hi is the external modulation term. 
We ignore the spin degree of freedom. 

The electron field is expanded by the momentum state 
\fi <8>/3p) m von Neumann lattice (vNL) formalism [|l5| as 
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bi(p)(r\fi®{3 p ) 
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where 6/(p) is the anticommuting annihilation operator 
with a LL index / and a 2D lattice momentum p de- 
fined in the Brillouin zone \p a \ < n. The annihila- 
tion operator bi(p) obeys a twisted periodic boundary 
condition 6 ; (p - 2ttN) = e -^(^+ Jv y)+ 4jv yP-6 z ( p ), where 
N x , N y are integers. The momentum state is Fourier 
transform of the Wannier basis of vNL which localized 
at r = a(r s m,n/r s ), where n, m are integers. Here 
a = ^j2jih/eB and r s is an asymmetric parameter. We 
consider only the / th LL state and ignore the LL mixing. 
Hence, Hq turns out to be constant and we omit the free 
Hamiltonian. Fourier transformed density operator p in 
the / th LL is written in vNL formalism as 
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P(k) 



d 2 p t 



BZ 



6f(p)&,(p-ak)/j(fc) 



(2tt) 2 ' 

r a i~ In 

x exp[-z — k x (2p y 



(3) 



where k = (r s k x ,k y /r s ) and / ; (fc) = £;( 2 ^)e "s^ , 
here is the Laguerre polynomial. We substitute Eq. (|^) 
into Hi and 7?2 and find the ground state in two pertur- 
bative approaches. In the first approach, perturbative 
expansions with respect to g in Hi, which describe the 
Coulomb dominant regime, are applied. In the second 
approach, perturbative expansions with respect to q /a 
in Hi , which describe the external modulation dominant 
regime, are applied. The filling factor is fixed at / + 1/2 in 
the following calculation and numerical calculations are 
performed at I = 2. 

(I) Hi as a perturbation : We obtain the ground state 
of Hi in the HF approximation first. Using the HF 
ground state, we treat Hi as a perturbation. This ap- 
proximation is relevant in the Coulomb dominant regime, 
g <C q 2 /a. We use the striped state \^i) which is uniform 
in the y direction as the unperturbed ground state of the 
H\. In the HF approximation, this is given as [p"op|] 



i*i>=^i n 6 / f (p)i o >' 



(4) 



|Px|<vr,|p H |<7r/2 



where |0) is the vacuum state for bi and Ni is a normal- 
ization factor. The Fermi surface is parallel to the p x 
axis. The density of this state (^i\p(r)\^i) is uniform 
in y direction and periodic in x direction with a period 
ar s J|,|l6| • The orthogonality of the Fermi surface in the 
momentum space and the density in the coordinate space 
plays important roles and is reminiscent of the Hall effect. 
The one-particle spectrum is given by €hf = £ h + £ f, 



2r s g 2 >^ j. /n ; _ N 2Cos(np y ) 
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(5) 



hi(k), (6) 



where fc,(k) = fi(y/k* + (k y r s /a)*) /y/k* + (k y r s /a)^. 
chf depends on only p y , and the self-consistency condi- 
tion for l^i) is satisfied. The Fermi velocity is in the 
y direction. The HF energy per particle is calculated 
as Enp(r s ) = (\l/i|iii|\I>i)/iV where N is a number of 
electrons. -Ehf is a function of r s and calculated as 
Ehf = Jli 2 /2 ^chfOs/) at the half-filled I th LL. The 
optimal value r s = r™ m is determined so as to minimize 
Em(r s ) H- The numerical value of r™ in is 2.47 at the 
half-filled third LL. 

The perturbation energy per particle in the first order 
A£W = (^fi\H 2 \^i)/N is written as 



9 

2N 



'^i\(p(K)+p(-K))\^i). 



(7) 



The operator p(K) moves an electron in the Fermi sea 
by «K in the momentum space. Therefore, except for 
the case that aK y coincides with a multiple of 2ir, AE^ 
vanishes. We consider only the range |a^ y | < 7r which is 
sufficient to compare our results with experiments. 

The perturbation energy per particle in the second or- 
der AE^ is written as 



AE (2) (g,9,K) = 



dp y 



-9 2 fi{Kf 



27T e HF (p y + aK y ) - e HF (p y ) ' 



(8) 



where K y = K sin (9/r!, nin , 8 is an angle between the stripe 
direction and external modulation. We obtain the total 
energy per particle in the Coulomb dominant regime as 



E Cou \g,K,l 



E HF (rf a ) + AE^(g,K,6). (9) 



The 6 dependence of AE^ is shown in Fig. 1 at the half- 
filled third LL. As seen in Fig. 1, the energy is always 
minimum at = 7r/2, that is, the optimal orientation 
of the striped state is orthogonal to the external modu- 
lation. We call this phase the orthogonal phase. Note 
that AE^ 2 ' vanishes and 9 dependence disappears when 
K equals the zeros of fi(K). In this case, the external 
modulation loses control of the stripe direction. 

(II) Hi as a perturbation : We diagonalize Hi first by 
choosing the y axis of vNL to be parallel to the external 
modulation and r s — 2ir/aK 1 that is, the period of the 
striped states ar s equals the wave length 2ir/K of the 
external modulation. Using this vNL basis, we treat Hi 
as a perturbation. This approximation is relevant in the 
external modulation dominant regime, g 3> q 2 /a. Then 
the state is the ground state of H 2 . The external 
modulation term reads 



Hi = -\gMK)\ [ £Lb\(p)bi(p)cospy. 



(10) 



The ground state energy per particle of Hi is obtained 
as Ei(g) = —^\gfi(K)\. The perturbation energy per 
particle is calculated as Ea F (r s ) — (4 r i|Hi|^ r i)/N with 
r s = 27r / 'aK. Hence, the total energy per particle in the 
external modulation dominant regime is given by 

E c ^(g,K) = E RF (2n/aK) - - \gfi(K)\ . (11) 

In this state, the stripe direction is parallel to the exter- 
nal modulation, which we call the parallel phase. 

Finally we compare the total energies of striped states 
obtained in (I) and (II) at the half-filled third LL. As 
a typical example, E Coul (g, K, tt/2) and E cxt (g,K) for 
aK = 2 is plotted in Fig. 2. The bold line represents 
the lower energy state. As seen in Fig. 2, the orthogonal 
phase has lower energy and is realized at small g. The 



2 



parallel phase has lower energy and is realized at large g. 
The phase boundary is calculated by solving the equation 
in g, E cxt ( gi K) = E Coul (g,K,ir/2) for various value of 
aK . The phase diagram in g-K plane is shown in Fig. 3, 
where orthogonal and parallel phases are indicated by I 
and II respectively. The dashed lines correspond to the 
zeros of fziK), aK = 2.714 and 6.550, at which the stripe 
direction is undetermined. At aK = 27r/r m j n = 2.544, 
where the period of the external modulation coincides 
with the optimal period of the stripe, the phase bound- 
ary touches the K axis. 

The direct verification of our results is made by ob- 
serving a transition between the two phases by tuning 
the extenal modulation. The necessary wave length of 
the modulation for the verification is on the order of 2a, 
which is about lOOnm at B = 2T. Recently, the unidirec- 
tional lateral superlattice with a period 92nm is achieved 
on top of the 2D electron system [Q. The experiment 
shows that the magnetoresistance orthogonal to the ex- 
ternal modulation has a shallow and broad dent between 
two peaks around v = 9/2. The magnetoresistance par- 
allel to the external modulation does not have the same 
structure around v = 9/2. Anisotropy observed in this 
experiment is small due to the low mobility compared 
with experiments of striped states [l] Q . The strength 
of the modulation is estimated as g = 0.015meV. The 
parameters (g,K) = (0.006g 2 /a, 3.097/a) correspond to 
this experimental setting, and are shown as X in Fig. 4. 
X belongs to the orthogonal phase. In this phase, the 
one-particle dispersion has no energy gap in the orthogo- 
nal direction and has an energy gap in the parallel di- 
rection to the external modulation. Hence, the mag- 
netoresistance orthogonal to the external modulation is 
strongly modified by the injected electric current com- 
pared with the parallel magnetoresistance. This is con- 
sistent with the experiment. With a slightly larger period 
115nm, orthogonal magnetoresistance around v = 9/2 is 
structureless. In this case, the corresponding parameters 
(g,K) = (0.014g 2 /a,2.478/a) are shown as Y in Fig. 4 
[P0|| . Y belongs to the parallel phase. Hence, there is an 
energy gap in orthogonal direction to the external modu- 
lation and the magnetoresistance in this direction is not 
modified strongly by the injected electric current. This 
is also consistent with the experiment. We hope that 
a similar experiment with a higher mobility sample will 
give more clear evidence for our results. 

In the half-filled lowest LL, the anisotropic effect is ob- 
served under the external modulation [BlJ . The semiclas- 
sical composite fermion theory is proposed for this exper- 
iment p2| . In this theory, it is assumed that anisotropic 
transport is caused by the density modulation. On the 
other hand, we study the striped state under the external 
modulation in the half-filled higher LL. Note that the ori- 
gin of the anisotropy in the present case is spontaneous 
stripe formation rather than the external modulation. 

It seems difficult to understand how the orthogonal 



phase is realized contrary to the naive expectation that 
two striped structures tend to be parallel. To understand 
the reason, it is convenient to consider the striped state 
in the momentum space. Since the Fermi surface of the 
striped state is flat as seen in Eq. (|4|), a perturbation with 
a wave number vector perpendicular to the Fermi surface 
affects the total energy most strongly. Therefore the or- 
thogonal phase could be realized in a small external mod- 
ulation. The point of our theory is that the mean field 
theory has the flat Fermi surface. The fluctuation around 
the mean field has been studied but discussions seem un- 
settled yet p7|-p^|. Comparisons between experiments 
with an in-plane magnetic field ^,^,^3) and HF calcula- 
tions indicate that the mean field energy is good approx- 
imation for the striped state |]J|. Higher order correc- 
tions are expected to be small because the Fermi velocity 
diverges due to the Coulomb interaction [^6|. We esti- 
mate AE^ in the RPA approximation to the density cor- 
relation function as 7iog PA (fc) = 7Too(A;)/(l — V(k)ir 00 (k)). 
The results are shown in Fig. 1 by dashed lines. As seen 
in this figure the correction is small actually. 

In summary it is shown that a weak external modula- 
tion determines the orientation of the striped state and 
there are two phases in the 2D parameter space of the 
strength and wave number of the external modulation, 
that is, the orthogonal phase and parallel phase. In the 
former phase, the optimal orientation of the striped state 
is orthogonal to the external modulation. In the latter 
phase, the optimal orientation is parallel to the external 
modulation. The phase diagram is obtained numerically 
at the half-filled third LL. We believe that our findings 
shed a new light on the origin of an orientation of striped 
states in quantum Hall systems. 
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Fig. 1. The 0-dependence of AE {2 \g,K,6) for aK = 
2,5,7. The solid lines and dashed lines stand for the HF 
calculation and RPA approximation, respectively. The 
unit of energy is g 2 a/q 2 




Fig. 2. The total energy of the striped state obtained 
in (I) and (II) for aK = 2. The unit of energy and g is 
q 2 /a. The straight line stands for E cxt (g,2/a) and the 
parabolic line stands for E Coul (g,2/a,Tr/2). The lower 
energy state is represented by the bold line. 
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Fig. 3. The phase diagram of the striped state at the 
half-filled third LL. The unit of g is q 2 /a and the unit of 
K is 1/a. The regions denoted by I and II correspond 
to the orthogonal phase and parallel phase, respectively. 
The dashed lines represent the zeros of f%{K), at which 
the stripe direction is undetermined. 
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Fig. 4. The two points X and Y in the phase diagram 
stand for the experimantal data fTl . 
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